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Abstract
Casimir energies are discussed for some cavities.

1.

Introduction

If two parallel, perfectly conducting plates of “inﬁnite” area are placed at a distance d from each other,
there is an attractive force on per unit area of the plates given by

F =−

π 2 c
.
240d4

(1)

The above force, which is due to the vacuum ﬂuctuations of electromagnetic ﬁeld is ﬁrst predicted in 1948
by Casimir [1]. The coeﬃcient π 2 c (with  and c being the Planck constant and the speed of light) is 1.3 ×
10−27 Nm2 . Casimir energy calculations have been performed for several other two body geometries, like two
spheres. A sphere and a plane i.e.; and they have been observed experimentally [2]. Although the existence
of such an attraction between the parallel plates was observed in 1958 [3]; its quantitative conﬁrmation had
to wait until 2001 [4]. In this recent experiment the force is measured for plates of size 1.2 × 1.2mm2 in
0.5–3.0µm range distant apart. The agreement with (1) is 15 percent. The force is measured indirectly by
the measurement of the piezo electric current created by the attraction of the plates. Note that for a single
cavity geometry no measurement has been performed.
The force (1), in the early years of its theoretical discovery gave a hope for an electron model . Electrons
should be described as charged spherical shell; and, the attractive force in the shell should balance the
repulsion of the Coulomb interaction. But the results of calculations [5] were surprising, for the Casimir
energy for the spherical cavity with perfectly conducting walls is positive. In  = c = 1 units it is given by
0.046
Esph ∼
.
=
R

(2)

Derivative of the above expression with respect to the cavity radius R produces repulsive force

F =−

∂Esph
0.046
.
=
∂R
R2

(3)

The sign of the Casimir energy is still a mystery.
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Magnitude of the Casimir energy is quite appreciable for structures of nanometer size. For example if
we take R = 10−7 cm, the energy given by (2) is [6]
Esph  0.5 × 106 cm−1  10eV.

(4)

(In  = c = 1 units 1eV ∼
= 0.5 × 105 cm−1 ). In general for a cavity of any shape, the range of the absolute
value of the energy diﬀers between E  (10−2 − 10−1 ) × R−1 with R being the typical size of cavity. It is
obvious that in the advancement of nanotechnology the Casimir force is an eﬀect that should always be taken
into the consideration. Talking about the magnitude of the Casimir energy we would like to emphasize that
the eﬀect must exist for any ﬁeld whether it is massive or massless. However for massive ﬁelds the energy
expressions are multiplied with an exponential factor e−ma . Since for example for electron ﬁeld that factor
3
is e−2.5×10 we do not have to consider massive ﬁeld Casimir energies. Similarly we do not have to take
in account the spinor ﬁelds (at least in 3-dimensional laboratory geometries) for the only (almost) massless
spinor ﬁelds are the neutrinos for which no boundary exists1 .
In the coming section we discuss the some old and recent results for the massless scalar ﬁelds for some
3-dimensional geometries. We must emphasize that an experimental investigation is not available for single
cavities. Our basic motivation is the hope that rapid advancements in nanotechnologies may provide an
experimental study for some of the geometries.

2.

Casimir Energy Results for Some 3-dimensional Cavities

(i) Cube
The Casimir energy for massless scalar ﬁelds for spherical cavity is given by (2). Results for a cubical
cavity with sides a is almost twice the value for the spherical cavity [5]

Ecub 

0.0916
.
a

(5)

(ii) Rectangular Prism [5]
For a rectangular prism with square base of edges a and with height b the energy is

Erec  −

0.013 (0.011)b
, for b > a
+
a
a2

(6)

Erec  −

0.013 (0.011)a
, for b < a
+
b
b2

(7)

and

11a ∼
Inspecting the above formulae we see that the energy for b > 13a
11  1.2a or b < 13 = 0.8a; otherwise
it is negative. The force Fb = − ∂E∂brec in the direction of the height of the prism is negative (attractive) for
b > a and positive (repulsive) for b < a.
The force Fa = − ∂E∂arec on the walls perpendicular to the square bases on the hand is just opposite: that
is, it is positive for b > a and negative for b < a.

1 Neutrinos may be relevant in some cosmological theories where the closed geometries are naturally constitute a conﬁning
region.
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(iii) A Prism With Triangular Base [7]
For a prism of height b with equilateral triangular base of edges a the energy is

Etri =

1
(Erec − E2 ),
2

(8)

where Erec is same as (6) and (7); and E2 is the energy for two dimensional rectangle with edges b and
Three cases are distinguished:

√a .
2

0.053 (0.029)b
, for b > a,
+
a
a2

(9)



a
0.013 (0.011)a 0.093 (0.048)b
, for a > b > √ ,
+
−
+
−
b
b2
a
a2
2

(10)

0.039 (0.014)a
a
, for b < √ .
+
b
b2
2

(11)

Etri  −
and

Etri 

1
2

and

Etri  −

When we study the Casimir forces Fa and Fb we observe that for b > √a2 we have Fa > 0 and Fb < 0;
for b < √a2 we have Fa < 0 and Fb > 0. Like in the case of the rectangular prism, too thin or too thick
triangular prisms are not preferred.
(iv) A Conical Cavity [8]
For a conical cavity of height h =

√
2 2
3 a

and the opening angle β = arcsin

Econ 

0.085
> 0.
a

1
3

the energy is positive

(12)

(v) A Pyramidal Cavity [9]
The energy in a pyramidal cavity with walls deﬁned by the planes

z = x, y = 0, y = z, z = a = constant,

(13)

is again positive and not much diﬀerent from the previous example:

Epyr 

3.

0.069
> 0.
a

(14)

Discussion

The results we have presented in this note do not provide an answer to our basic question: What the
sign of Casimir energy depends on?
The diﬃculty is two fold. First of all we do not have any experiment performed for any single cavity. We
hope that the advancements in nanoengineering provide new experimental results. Secondly our theoretical
results are restricted, namely all of the calculations presented are performed for shape preserving geometries.
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That is the cavities are either spherical or other one with constant angles, thus, we do not have any hint
on the sensibility on the deformations. We have three deﬁnitely positive energy values. That is for the
spherical, pyramidal and conical cavities. If we compare these geometries for equal volumes we have
Epyr  0.51Esph, Econ  0.54Esph

(15)

We may think that the sphere which do not have any corner provides more reﬂections for the would be
trapped ﬁeld; that is the momentum space is larger in sphere.
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